Kerékjártó's proved in 1934 that a planar homeomorphism with an asymptotically stable fixed point is conjugated, on its basin of attraction, to one of the maps z → z/2 or z →z/2, according whether f preserves or reverses the orientation. We extend this result to planar homeomorphisms having a compact attractor.
Introduction.
Consider the discrete dynamical system generated by a planar homeomorphism f . It is well known that if f has an asymptotically stable fixed point, then its basin of attraction U is an open and simply connected subset of the plane. Moreover, it is proved by Kerékjártó ( [7, 8] ) that f restricted to U is either conjugated to L 1 (z) = z/2 or L 2 (z) =z/2 in C, according whether f preserves or reverses the orientation. A different proof of this result is also given in [4] . Afterwards, this result has been extended, with clear modifications, to R 3 in [5] and to R m for m = 4, 5, in [6] , when f preserves orientation. In this paper we will focus on the planar case and we extend Kerékjártó's result to the case where f has a compact attractor. To state our result we need to introduce a new concept, the stabilizer of a compact attractor. This notion is analogous to the one proposed in [3] for ordinary differential equations.
Let K be a compact attractor, not necessarily stable, and with basin of attraction A(K). Define the new compact set We call it the stabilizer of K. As we will see, K is a compact stable attractor with the same basin of attraction that K. Our main result is the following theorem:
Theorem A. Let f : R 2 → R 2 be a homeomorphism, let K be a compact attractor and let U be its basin of attraction. Assume that U is connected and simply connected. Then U \ K is homeomorphic to R 2 \{0} and f | U \ K is conjugated to L 1 (z) = z/2 or L 2 (z) =z/2 on R 2 \ {0}.
As corollaries of the above theorem, in Section 3 we get Kerékjártó's result and the following extension: Corollary 1.1. Let f : R 2 → R 2 be a homeomorphism and let K be a global compact attractor. Then R 2 \ K is homeomorphic to R 2 \ {0} and f | R 2 \ K is conjugated either to L 1 or to L 2 on R 2 \ {0}.
Let us recall the main steps of Kerékjártó's proof. If γ is a Jordan curve surrounding the fixed point, p, then clearly there exists an n such that f n (γ) is also a Jordan curve, that surrounds p and it is in the bounded component of U \ γ. Then, using all the curves f j (γ), j = 0, 1, . . . , n − 1, and some topological reasonings he constructs a new curve, say Γ, for which the same holds but with n = 1. Then, the closed annulus A, with boundaries Γ and f (Γ), constitutes a fundamental domain to construct the conjugacy ψ between f and L j , j = 1 or 2. In fact, ψ must send A to the set A := {z ∈ C : 1/2 ≤ |z| ≤ 1}, with some natural restrictions on the boundary. Then, this ψ can be extended to U also in a natural way, by iteration.
Our prove Theorem A follows a similar approach, but with two main differences. The first one is that the curve Γ having the property described above is constructed by using a different idea. Firstly, we prove the existence of a continuous Lyapunov function L associated to the asymptotically stable compact set K, by adapting a similar construction developped in [1] for ordinary differential equations. Afterwards, we show how to smooth some of the level sets of L by using the Sard's theorem and the classification of the one dimensional manifolds. One of these smooth levels will be Γ. A second difference is that we use the extension of the Jordan's curve theorem, known as Schoenflies' theorem ( [2, 9] ), to prove the existence of a continuous conjugacy ψ between the respective domains A and A, satisfying a suitable boundary condition.
In [10] J. Lewowicz proposed to use Lyapunov metrics (see next section for the precise definition) to study structural stability of homeomorphisms on compact manifolds, and similar concepts, such as topological stability and persistence. Since then, the method has been successfully applied to a wide spectrum of dynamical systems, such as hyperbolic and almost hyperbolic diffeomorphisms on manifolds, geodesic flows, pseudo-Anosov maps, billiards, expansive homeomorphisms on compact manifolds, in particular on surfaces, and on expansive homeomorphisms of the plane.
Our second result relates usual Lyapunov functions, Lyapunov metrics and global asymptotically stable fixed points in the plane.
Theorem B. Let f : R 2 −→ R 2 be a homeomorphism and let p be a fixed point. Then the following statements are equivalent: (i) p is globally asymptotically stable.
(ii) There exists a Lyapunov function for f and p.
(iv) There exists a Lyapunov metric D for which p is D-stable.
In fact, by using the extension of Kerékjártó's theorem to dimension 3, or to dimensions m > 5 in the preserving orientation case, the natural generalization of Theorem B to these settings also holds.
The paper is organized as follows. In Section 2 we introduce the stabilizer of an attractor, we give some examples and prove its basic properties in R m . We also prove some basic facts about the global asymptotic stable compacts and its relation with the existence of Lyapunov functions in R m and, in this setting we also introduce some properties of the Lyapunov metrics. We conclude with some results valid in the planar case. In Section 3 we prove Theorems A and B and some corollaries, including Kerékjártó's theorem.
General definitions and preliminary results
We begin by listing some definitions and basic facts about the dynamics of homeomorphisms and we also introduce the stabilizer of an attractor compact set.
Let X be a locally compact topological space and let f : X → X be a homeomorphism. We say that Y ⊂ X is invariant if f (Y ) = Y. For x ∈ X the omega limit set of x, denoted by ω(x), is the set of accumulation points of the sequence {f n (x)} n∈N . Analogously the alpha limit set of x, denoted by α(x), is the set of accumulation points of the sequence {f −n (x)} n∈N . The alpha and omega limit sets are closed and invariant subsets of X. We will say that a compact set K ⊂ X is an attractor if it is invariant and there exists a neighborhood U of K such that for all x ∈ U, ω(x) = ∅ and ω(x) ⊂ K. If K is an attractor, the set A(K) = {x ∈ X : ω(x) = ∅ and ω(x) ⊂ K} is invariant and open and we call it the basin of attraction of K. In the case that A(K) = X we will say that K is a global attractor. We will say that a compact set K ⊂ X is asymptotically stable if it is an attractor and for all neighborhood U of K there exists V ⊂ U a neighborhood of K such that f n (x) ∈ U for all x ∈ V and n ∈ N. In the case that A(K) = X we will say that K is globally asymptotically stable .
Let K be an attractor. Recall that we have introduced its stabilizer as
Let us show a couple of examples. Let f 1 and f 2 be the time one maps given by the flows with phase portraits given in Figures 1 and 2 , respectively. In these figures the stabilizers of different compact attractors are displayed. In particular, it is interesting to notice that for f 2 , see Figure 2 , when we consider K = {p}, then this set is a compact attractor, but Theorem A can not be applied because its basin of attraction U = R 2 \ {q}, is not simply connected. On the other hand, taking K = {p, q} we get a global attractor and by Corollary 1.1, we obtain that, on R 2 \ K, f 2 is conjugated with L 1 . Our first objective is to show that in our situation K is asymptotically stable with the same basin of K. We need some preliminary results.
From now on we restrict our attention to the case when X is an open subset of R m . If K is an attractor, we can always assume that K is a global attractor by considering f | A(K) which is also a homeomorphism. If U ⊂ X we will denote byŪ and U c the closure of U and X \ U, respectively
Proof. Let x ∈ Q 1 and n x ≥ 1 the first natural number such that
Clearly, Q 2 is a compact set and
m open, let f : X −→ X be a homeomorphism and let K ⊂ X be a global attractor. Given any x ∈ X we have that x ∈ K or α(x) = ∅ (i.e. the negative orbit of x leaves any compact set).
Proof. Let x ∈ X and let M ⊂ X be a compact set such that the negative orbit of x does not leave M . Then α(x) = ∅. Take y ∈ α(x). Then w(y) ⊂ K and w(y) ⊂ α(x) (since α(x) is an invariant set). So α(x) ∩ K = ∅. Thus x ∈ K. Proposition 2.1. Set X ⊂ R m open, let f : X −→ X be a homeomorphism and let K ⊂ X be an attractor. Then K is asymptotically stable with the same basin of attraction that K. Moreover K is asymptotically stable if and only if K = K.
Proof. We can restrict our attention to the case were K is a global attractor. Notice that by definition K is invariant. Now, we prove that it is compact. By Lemma 2.1, there exists a compact neighborhood
Thus K is bounded. We will prove that K c is an open set which will imply the compactness of K. Let p ∈ K c . By Lemma 2.2, there exists n ≥ 0 such that
Let us see that K is asymptotically stable. Suppose that this is not true. Then there exists an open neighborhood U of K such that for all open neighborhood V of K there exist x ∈ V and n x ≥ 0 such that f nx (x) does not belong to U. Let Q be the compact and positive invariant neighborhood of K. Then there exists a sequence {x k } k of Q such that:
• f n k (x k ) does not belong to U fore some n k ≥ 0,
Since x k ∈ Q and Q is a positive invariant set, we have that (taking a subsequence if it were necessary) f n k (x k ) tends to a point y ∈ Q \ U. By Lemma 2.2 there exist j > 0 and a neighborhood V of y such that f −j (y) ∈ Q c and f −j (V) ⊂ Q c . We claim that the sequence (n k ) is unbounded. If not, we can take a subsequence {x k i } i such that tends to x and f n (x k ) → y for some constant n. Thus, y = f n (x) which contradicts the invariance of K.
, for all k > k 0 , and since the sequence (n k ) is unbounded there exists some k such that n k − j > 0 which contradicts the positive invariance of Q. Therefore K is asymptotically stable. Since by definition K ⊂ K it follows that it is globally asymptotically stable. Thus the first statement holds. Clearly if K = K, it follows that K is asymptotically stable. Lastly assume that K is asymptotically stable and we will see that K = K. Suppose to arrive a contradiction that x ∈ K \ K. Then since α(x) ∩ K = ∅ it follows that for any ε the set B ε = {y ∈ R m : d(y, K) < ε} contains some pre-image of x which contradicts the stability of K. This ends the proof of the Proposition. (ii) For all
Lyapunov functions in
The following result relates the global asymptotical stability with the existence of Lyapunov functions.
Since f (y) ∈ ω(x) this implies that there exists a sequence 0 < n 1 < . . . < n i . . . such that lim f n i (x) = f (y). In particular for j large enough we will have L(f n j (x)) = s < m. Thus we will obtain that f n (x) < s < m = L(y) for n > n j that contradicts the fact that y ∈ ω(x). This proves the claim and shows that K is a global atractor. Now we show that K is asymptotically stable. Let U be an open neighborhood of K and set M = min{L(x); x / ∈ U } that there exists because L is proper. Moreover since K ⊂ U it follows that M = 0. Assume to arrive a contradiction that for all j > 0 there exists x j and k j ≥ 0 such that d(x j , K) < 1/j and f k j (x j ) / ∈ U. Thus we will obtain a sequence x j tending to K with L(x j ) > M, which gives a contradiction with the continuity of L. Therefore there exists m such that B m = {x ∈ R m ; d(x, K) < 1/m} satisfies that for all y ∈ B m and for all r ≥ 0, f r (y) ∈ U. This ends the proof of the first implication. Now assume that K is globally asymptotically stable. Define s : R m −→ R by s(x) = d(x, K) = min{ x − y ; y ∈ K} which clearly is a positive continuous function that only vanishes at K. Since K is is globally asymptotically stable for any x ∈ R m \ K there exists k x ∈ N such that s(f n (x)) < s(x)/2 for all n > k x . Thus Φ(x) = sup{s(f n (x)); n ∈ N} = max{s(f n (x)); n ∈ {0, . . . , k x }} is well defined. Clearly it is continuous and since Φ(x) ≥ s(x) it is also proper. By definition Φ satisfies property (i) and also satisfies that Φ(f (x)) ≤ Φ(x) for all x ∈ R m . Now consider
Clearly this series converges uniformly on compact subsets of R m and hence defines a continuous function on R m . Moreover since L(x) ≥ Φ(x) ≥ s(x) for all x ∈ R m it follows that L is proper and satisfies property (i). On the other hand
2 n ≤ 0 and L(f (x)) − L(x) = 0 if and only if Φ(x) = Φ(f n (x)) for all n ∈ N which implies that x ∈ K
Lyapunov metrics in R m
To formulate the notion of Lyapunov metric we need to introduce some notation. Given a homeomorphism f : R m −→ R m and a continuos map G : R m × R m −→ R we will denote by ∆(G) the map ∆(G) :
We will denote by ∆ 2 (G) the map ∆(∆(G)). Let f : R m → R m be a homeomorphism. We will say that D : R m × R m → R is a Lyapunov metric for f if it is continuous, vanishes only on the diagonal, and is such that both D(x, y) and ∆ Proof. We will show that the map D p is a Lyapunov function for f and p. By hypothesis it is positive and proper and only vanishes at p. So only remains to show that
We will show that W = R m . First of all we claim that there exists a neighborhood U of p, such that U ⊂ W. To prove this note that since
and consequently for all m > 0,
Therefore we get
Thus if ∆(D)(x, p) > 0 we obtain that lim m→∞ D(f m (x), p) = ∞. We obtain the same conclusion when ∆(D)(x, p) = 0, simply observing that for y = f (x) we will have 
This fact clearly contradicts the fact that p is Dstable. Note that in particular we have also showed that W is invariant. Next we will show that W is closed. Let {x k } k be a convergent sequence of W and let x be its limit point. If x does not belong to W then there exists m ∈ N such that D(f m (x), p) > 0. Therefore, there exists a neighborhood B of f m (x) such that D(y, p) > 0 for all y ∈ B. Thus for a sufficiently large k, we have that f m (x k ) ∈ B which contradicts the fact that x k ∈ W.
Next step is to show that D(f m (x), p) tends to zero when m grows to infinite and x ∈ W. Let us suppose that there exists a point x ∈ W such that D(f m (x), p) does not converge to zero. Note that since x ∈ W, the function D p is decreasing over the positive orbit of x. Then the sequence {D(f m (x), p)} m≥0 is bounded by D(x, p). Since D p is a proper function we obtain that the set {f m (x), m ≥ 0} is bounded and then there exists an accumulation point q = p. Since W is closed we have that q ∈ W, so D(f (q), p) < D(q, p). This implies the existence of
Lastly we will prove that W = R m . Only remains to show that W is open. Let x be an arbitrarily point of W. By the above observation we know that lim m→∞ D(f m (x), p) = 0. We claim that lim m→∞ f m (x) = p. If not using the fact that D p is a proper function we have that {f m (x)} m≥0 must accumulate in a point q = p. So, there exists some subsequence {f m k (x)} m k converging to q. Using the continuity of D, we have that
which is a positive number. This fact is in contradiction
is an open neighborhood of x contained in W. Therefore W is open and then W = R m . Thus D p is a Lyapunov function for f and p and the result follows from Proposition 2.2
The planar case
In this section we fix our attention to R 2 . Given a Jordan curve J ⊂ R 2 we denote by int(J) the bounded connected component of R 2 \ J. Given two Jordan curves J 1 and J 2 we will write
for all n ∈ Z. Next Lemma plays a crucial role in the proof of Theorem A.
Lemma 2.3. Let f : R 2 → R 2 be a homeomorphism and K globally asymptotically stable. Then there exists an analytic Jordan curve J with K ⊂ int(J) satisfying that f (J) ≺ J and K ⊂ int(f (J)).
Proof. From Proposition 2.2 there exists a Lyapunov function L : R 2 −→ R continuous, proper and strictly decreasing over the orbits (not contained in K) of f. The first objective is to modify L to obtain another Lyapunov function L which is analytic (in fact polynomial) in some open range of levels. First we note that given b > 0 there exists
To do this consider c < b and set
This value is well defined because L is proper and L and f continuous, and clearlyā < b because L is a Lyapunov function. Then ifā < c it suffices to choose a = c. Otherwise we can choose any a ∈ (ā, b).
) which are compact sets because L is proper. By the Stone-Wierstrass theorem there exists a polynomial map P such that max{|P (x) − L(x)|; x ∈ M } < min(a, ε/4). In particular P (x) will be positive in M. Set also U = L −1 ((a + ε/2, b − ε/2) and g :
Simple computations show that L satisfies the following properties:
Now we claim that L is still a proper Lyapunov function. It is proper because it coincides with L out of M. By construction it follows that L satisfies the property (i) of a Lyapunov function. Now we show that it is decreasing over the orbits. Set x / ∈ K and we need to show that L(f (x)) < L(x). This is clear when x and f (x) do not belong to M because in this case L and L coincide. Suppose that
. This ends the proof of the claim.
Note also that from (1) and (2) it follows that L is polynomial in
By Sard's theorem we get that for almost all z ∈ (a + 2ε, b − 2ε), L −1 (z) is an analytic compact manifold. Now we choose z ∈ (a + 2ε, b − 2ε) with this property and we get that L −1 (z) is a finite union of Jordan curves. Since L is proper it follows L −1 (z) separes K and a circle of radius R for large enough. Thus at least one of the Jordan curves of L −1 (z) must surround K. Denote one of them by J.
To end the proof of the lemma we will show that f (J) ≺ J. First of all note that since J surrounds K, f (K) = K and f is a homeomorphism we have that f (J) also surrounds K. Furthermore since L(f (x)) < z for all x ∈ J it follows that either J ≺ f (J) or f (J) ≺ J. However if J ≺ f (J) we also get f (J) ≺ f 2 (J) because f is a homeomorphism and hence J ≺ f 2 (J). Iterating this argument we will have J ≺ f n (J) for all n ∈ N that contradicts the fact that K is globally asymptotically stable. This ends the proof of the lemma.
We end this section stating the classical Schoenflies' theorem, see for instance [2, 9] . In fact, as we will see in the proof of Theorem A, which we will need is an extension of Schoenflies' result for homeomorphism between two annuli. To prove this fact we were inspired by the proof of Corollary 2.1 of [9] . Theorem 2.1. Let J 1 and J 2 be simple closed curves. Then any homeomorphism h :
3 Proof of Theorems A and B.
Proof of Theorem A. Since U is connected and simply connected by the Riemann theorem it is homeomorphic to R 2 . Therefore we can restrict our attention to the case when U = R 2 namely when K is a global attractor. From Proposition 2.1, the set K is globally asymptotically stable and from Lemma 2.3 we know that there exists a Jordan curve J surrounding K such that f (J) ≺ J. First of all we claim that the ring determined by J and F (J) that is J ∪ int(J) \ int(F (J)) is contained in R 2 \ K. This is because if z ∈ J ∪ int(J) \ int(F (J)) then f −1 (z) belongs to the ring determined by f −1 (J) and J. Therefore f −1 (z) / ∈ K and since K is invariant z / ∈ K. So the claim is proved. For i = 1, 2 denote by S i = {z ∈ R 2 ; z = 1/i}, S + i = {(x, y) ∈ S i ; y ≥ 0} S − i = {(x, y) ∈ S i ; y ≤ 0} and consider a homeomorphism g 1 : J −→ S 1 .
Denote by . Gluing g 1 , g 2 , g 3 and g 4 we obtain and homeomorphism from J to the Jordan curve formed by S metric D is a Lyapunov metric for L 1 and L 2 for which (0, 0) is D-stable. Then the transported metric via the conjugation gives the desired Lyapunov metric for f.
